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GENERATION OF THE TOLLMIEN-SCHLICHTING WAVE
IN A SUPERSONIC BOUNDARY LAYER
BY TWO SINUSOIDAL ACOUSTIC WAVES

G. V. Petrov UDC 532.526

The problem is solved using parabolized equations of stability for three-dimensional perturbations of
a compressible boundary layer on a flat plate. Nonlinearity is taken into account by quadratic terms
that are most significant in estimates of the wviscous critical layer of the stability theory. These
terms are determined by the total field of two acoustic perturbations, and the equations become linear
and inhomogeneous. The calculations are performed for one acoustic wave being stationary in the
reference system fitted to the plate for Mach numbers M = 2 and 5. Solutions are presented, which
are identified very accurately with Tollmien—Schlichting waves at a rather large distance from the
plate edge.

In [1], the maximum amplitude of the Tollmien—Schlichting wave over the boundary-layer cross section at the
point of the loss of stability is assumed to be equal to the maximum amplitude of a perturbation initiated by sound.
Later, attempts were made to justify this assumption (see, for example, [2]). Nevertheless, the author [3], using
parabolized stability equations, obtained data indicating that a significant excess of intensity of the perturbation
in the boundary layer over the intensity of sound has a resonant character. Different (decaying) modes of eigen
perturbations are excited. The phase velocities of sonic and subsonic increasing modes do not coincide by definition.
It follows from here that an acoustic wave can excite a Tollmien—Schlichting wave only by interacting with other
boundary-layer perturbations.

An action with wave parameters close to parameters of the instability wave may be performed by two acoustic
waves through quadratic cross terms of nonlinear equations for perturbations, since the frequencies and wave vectors
are summed. In a supersonic boundary layer, one of the acoustic waves may be stationary in the reference system
fitted to the plate. This case is of greatest interest, since the stationary perturbation is related to the wetted object
and may have a different nature (for instance, surface roughness).

Following [4], we use an orthogonal coordinate system (&,1), z), where the curves i) = const are streamlines
of an undisturbed stationary boundary layer (¢ is the stream function) in the plane z = const perpendicular to the
leading edge of the plate, and the coordinate £ on the wall is the distance to the leading edge. Eliminating terms
caused by curvature of the streamlines, which have the order R~2 in the case of a flat plate (R = \/tucof/Vso, the
subscript oo refers to free-stream parameters), from equations of compressible fluid dynamics, we obtain

divo=e,  dip+pe=0,  pdywn — hy(pvd — m2) = —Oyp + divry,
pdivs + hi(prvive — T12) = —0ap + div 7o, pdivy = —03p + div T3,
pdiH = 0yp + div g, H=h+ (v +v3+02)/2, Tr = (Tk1, Th2, Tk3),

qk:)\akT-i-’ka, Tkk = USkk (k:1,2,3), skk:2(8kvk—e/3) (k:].,?)),
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So9 = 2(627)2 + hivy — 6/3), Tk = u(akv3 + 83'1}]6) (k =1, 2),

T12 = (0201 + O1v2 — hyva), hy = 01 1n Hy,
3 3
where 0; = 0/0t, 01 = 0/0¢, 0y = (1/H)0/0p, 05 = 0/0z, dy = Oy + Y vk, dive = > Ohvx + hyvy (for g

k=1 k=1
and Ty, the expressions are similar), the Lamé coefficient Hy = 1/(pu) is determined by undisturbed stationary

parameters, (vq,vs,v3) = (u,v,w) is the velocity vector in the coordinate system (&,1,z2), ¢ is the time, p is the
pressure, T is the temperature, h is the enthalpy, p is the density, u is the viscosity, A is the thermal conductivity,
and v = u/p.

The quantities u, v, w, p, h, T12, To3, and gz, whose perturbations are used as the basic dependent variables of
stability equations in [3], can be represented as the sum a + @ of boundary-layer and perturbation parameters. The
remaining quantities are approximately represented as the sum a + a + @, where a and @ are linear and quadratic
terms with respect to perturbations of the basic quantities, for example, H = (a2 4 92 4+ %?)/2. Obviously, if
different parameters are used as the basic ones (for example, density, temperature, or total enthalpy instead of
pressure and enthalpy), the difference in results may be eliminated by reconstruction of third-order and higher
terms in equations for perturbations. The quadratic term of the product is written in the form S (ab) = ab+ab+ ba.
Using the relations S(dyp) = 8p + dp and S(pdsa) = da + pda + pudra + pda, where

=001 +00,+wds, d=pd+pd, d=0+ud, (1)

we obtain the following equations for perturbations:

(B1 + h1)i+ Dot + s = e+ &, pé=—(e+d)p—dp, pé=—(E+d)p— (e+d)p,
(pd+d)a+ (p+p)(@0h + 0 0a)u+ (p+ p)udru — ha(pb® — Tz — 7a2)
= —01p + (h1 + 01)(T11 + 711) + 02712 + 03(T13 + T13),

(pd+ d)o 4 hy(pud + piit + upd — 712) = —ap + (hy + O1) 712 + Oa(Tog + T22) + Os7as,
(pd+ d)yi = —0sp + (hy + 01)(F13 + T13) + Oataz + B3(733 + Ta3),
(pd+d)H + (p+ p)(@dy +90)H + (p+ p)udr H + pdH
=0p+ (h1+01)(q1 + 1) + 92Ga + 953(d3 + G3),

F1o = (4 f)(O20 + 010 — had) + (4 fi) Oou,  Foz = (u+ )(Dotd + 030), (2)
G2 = A+ X) 0T + (A + X) 0T + A 0T + utra + Trath + Tood + Frall + a2 + Fogal,

T13 = p(O1 + 0311), i3 = fiT13/1, Thk = USkk + Skkil, Thk = HSkk + Skkfl + 18k,
§11 = 2(0i — €/3), S99 = 2(h1t + 020 — €/3),
333 = 2(03w — €/3), §11 = 892 = 833 = —2¢/3,

G = AT + AT + uryy + 1110 + 7120, Gz = AT + ufys + 3310,
G = AT + AIT + XNOWT + uiy + 7110 + Fra0 + T130,
43 = ANO3T 4+ NOsT + uFiz + F13 + To30 + F3310, e = (h1 +01)u, T2 = pudau,

S11 = 2(6111,76/3), S99 = 2(}1111,76/3), §33 = 726/3
The Navier—Stokes equations that are not supplemented by equations of state are not changed by introducing
the following scales: Vs /uZ, for time, vo/us for length, g, for the stream function, ps,u2, for pressure and
viscous stresses, u2, for enthalpy, fieou2, /Ts for thermal conductivity, and psou3, for the heat flux. The remaining
quantities are normalized to their free-stream values. In the scales used, as R — oo, the thickness of the critical
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layer in order of magnitude is R%/3 (rather than R~Y3 as in [4], where it was estimated with respect to the
boundary-layer thickness), d;,8; = O(R™Y), 92 = O(R™2/3), p,» = O(1), 0,1, h = O(RY3), d = O(R™*/3), and
19,793, 4o = O(R™/3); for the main flow parameters, we have 9; = O(R™2) and 9, = O(R™'). The estimate p is
assumed to be the same as that outside the critical layer due to continuity of pressure perturbations at the critical
point in equations of the inviscid stability theory.

Rejecting in (2) nonlinear terms of order R~/3 with respect to the main linear terms, we obtain

0yd — Ly = —(1/p)[0p — (p/p)(dp + 0 D2p) + dp,

Oo(p—Toz) — Ly = —pdd,  Ogfrg — Lig = dii+ podau,  Oatas — Loz = dib,
02G — Ly = dh + udii + ptd By + po O H + p(tdis + b dib), (3)
Oyl — Loy = — (o) ) Oatt — (i) Oyu, gt — Luy = —(f1/ 1) Dt
T — Ly = —(AJXN) 8T — 0T — (A/X) 8T — (6712 + Wag) /A,

where ¢ = ¢2; the operators é, aAl, and d are defined in (1); f/v, f/p, ... are linear expressions that do not contain 0,
and are given below in a parabolized form. In the case of a perfect gas with a constant Prandtl number Pr, the
latter equation is transformed to

82il — [A/h = —,uhilagil — ,uhhil2 Oh — Pr (ﬂﬁz + 1137123)/[1

and fi/p = puh, fif g = prnh?, pn = dinp/dh, pp, = (d2p/dh?)/(2p), T =0, and p = ph/h.

System (3) with regard for the equations of state and laws of viscosity and heat conductivity of the gas has
the form KZ = N(Z), where Z = (0, D, T12, To3, 4, U, W h) is the vector composed of perturbations of the main
parameters and K and N are the linear (matrlx) and nonlinear differential operators, respectively. The solution of
system (3) is sought as the sum Z+Z+ Zg, where Z1 and Z are linear perturbations initiated by sound (see [3]).
If Z is an infinitesimal of higher order than Z, and Zo, it obeys the equation

KZ =N(Z,+ Z>), (4)

i.e., nonlinear equations become inhomogeneous linear ones.

For acoustic waves of the form Z; = Re[Z; exp(ip;)] (¢; = ;€ + Bjz — w;t and Re is the real part), the
amplitude functions are determined by the equations LZ; = 0. The right side of Eq. (4) consists of the products
of components of the vectors Z; and Zj: a;b, = Re {a]b;c expli(e; + ¢r)] + a]b* expli(w; — ¢r)]}. In the present
work, we are interested in cross combmatlons j # k, and ab = Re {(a@1by + agby) expli(p1 + ©2)]}.

The solution of Eq. (4) of the form Z = Re {Zexp[i(/ad§+ﬁz —wt)]}, w =w1 twe, B =01+ 0218

constructed by solving the equation
LZ = N exp [i/(ag—a) dﬁ}, asz = ay + asg, (5)

where L and N are, respectively, the operator and vector corresponding to the left and right sides of system (3)
with the substitutions 8, — —iw, &1 — ia + 01, O3 — i, and @b — a1by + asby = ijk. (the sign of summation
is omitted). The right sides in the approximation used, with regard for the estimate d; = O(R~>/3) (the estimate
differs from that given previously, since the operator 0; acts here on the amplitude functions @ rather than on the
perturbation 4 itself), take the form

N, = =Dy, + p0j(0:Ty — pTy, 0oT) + 3p*ue; Tj T, N, = —p(D; + ©; Do),
Nig = djiiy + pvjip Oou,  Nog = djiby,
N, = djhy, +udjiy + pl[o; (g Oou + 7, O H) + @ (ues + 01 )iy, + 0 (uej + 01 )ik, (6)
Ny = —pnh; Oaiiy — punnhjhy, dau, Ny = —punhj Doty

Ny, = —pnh; Oahg — pnnhjhy, doh — Pr (7195 + WiTaak) /1,
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where Dj = Z(CM5 — aj)ﬁj + Z(ﬁ - ﬂj)ﬁ)p Ucj = z'aju - iwj, (ij = p[Dj+ (ucg - ucj)fj + (7:&] + ufj)al + 77]‘62], and
7= p/p.

The transition to the similarity variable of the boundary layer 7 is performed using the formulas
O =R Y0+ f10,) and 9o = R™1p0,, where R = /C, fi = —fou, fo = f/(2Ru?), f = /R, O = 0.50/0R,
and 0,, = 0/0n. The calculations [3] showed that the maximum of the amplitude of the forced perturbation is
located near the coordinate line n = const; hence, we may consider that @ = O(R™!) and ignore this derivative in
the substitution of variables in system (6). As the homogeneous linear part of the transformed equations (5), we use
the equations of [3] parabolized with the help of estimates in terms of the integer powers of R. In the calculations,
we reject the term containing 90/0R, which allows us to reduce the step of the marching scheme of integration due
to an insignificant decrease in accuracy from R~%/3 to R~*/3. The final equations have the following form:

’D/ = 6* - g’rnuT ot —T ou + gmi1u 61} - gmeTﬁ-* - f3’&'* + gmlf2i7/*

- E[Dj’f’k + (h/ﬁj - 3Cjibj)]~lk/h2 — ’l~)j~;€/h],

7 =7 —udb — foi* — Sp(D; + ),
Flo = pu'D + T OF 4 (ic + frt +ud)i+ ipp + fou'F — iz + f37* + foit* + B(bijk + pu'bajr),
oo = (i + wOVD + i.p — 1713 — 12733 + fo0* + X(djy + bjib}),
i =+ By, + gpy), W = @* 4 Sy, (7)
q = (pH' — pu' )0 + (icu + f1H' + fou' +u® 9)a
+ lie — (12 4+ ) g /Pr +wdlh + iwp + foH'F — wir + fo(uii® + h*)
+ S{d; Ry + bihi + ubp + plu/ o5y, + H'bagy, + ¢ (i + k) + f3(i; i, + @y, )]},

B =h* + E[ﬁjfzﬁc + fijph’ — Pr (W12 + W To3k) /1R

Here &% = pT'0 — (iy + fou'T)i — izt — fopT'T — i TF, @ = —iy® + F1a/pr — W' pnh, ¥ = p/p = gmp — pT,
T = (fit — fapT' —io)0 + igTia + isTo3, W' = —i0 + Toz/pur, h* = —Pru'a — W uph + Pr(§ — ufia)/ g,

=7 —Tu—Ta3, ir = QT + Tz, T = 240 — @, Tz = 20 — &, Tiz = 0 + pd,
3 =2uR[pT"0 —ic(gnT7 —T)|/3, T = gmih, Dj = (iz3 —ix;)U; + (i- —iz5)W5, dj = p[Dj+ (3 — ¢;)7y],
bijk = djlg + bjiy, bojx = 05Tk, by = U5 + fs(Uy +ury) fi; = —pnhy, fjx = —panhihe, e = izpir, fz = ijR,
pr = pp/R, pn = gmdnp/dT, pn = giy (Pp/dT?)/(2p), ¢; = igju — iwj, ic = iR(ua —w), iy = iaRT,

2
i- = iBRT iy = wRT, fs = fiu, fy = AT, ¥ = exp [2i / (05— @RAR| > gm =M g1 = (v =~ DM,
Jj=1,k=3—j
M is the Mach number, 7 is the ratio of specific heats, and 0 = 0.50/9R; the prime denotes the derivative with
respect to 7.

[Es=h

The inhomogeneous parts of Eqs. (7) in the critical layer are R?/3 times greater in order of magnitude than
the estimate for the region outside the critical layer, i.e., the sought perturbation is generated in the critical layer
of the perturbation initiated by sound. Outside the boundary layer, the inhomogeneous terms may be neglected;
then the problem is solved with the same boundary conditions and by the same method as the problem of stability
for parabolized equations [4].

The solution of the problem for ordinary differential equations Z' = AZ+ BZ,+C(Z1, Z5) obtained by the
approximation 0Z/OR = (Z — Zy)/(R — Ryp) is constructed as a superposition of the solution calculated under the
condition Z = 0 at the boundary-layer edge and four fundamental solutions of the homogeneous equations Z’ = AZ
under conditions of decay as 7 — oo and with coefficients determined by the conditions @ = © = @ = h =0 on
the wall. The value of « at each step in R is determined by Newton’s method if the requirement 97 /0R =0 is
satisfied at the point of the maximum amplitude A of the mass-flow perturbation m = p&i + up (see [4]). In the
initial cross section of the boundary layer, Z is calculated for o = a3 using local equations obtained by elimination
of all derivatives with respect to R from Egs. (7).
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The calculations are performed for a heat-insulated plate for M = 2 and 5. The results are represented as
dependences of the maximum relative amplitude of the mass flow A = A/(A1Az) over the boundary-layer cross
section on R (A; and Ay are the amplitudes of perturbations of the mass flow of the incident acoustic waves).

For M = 2, we use the Sutherland viscosity formula with constant Ty = 110.4 K and Pr = 0.71. The
excited frequency is assumed to be equal to w = w; = 4 -107% and the z-component of the wavenumber is
B = 31+ P = 2-107°. The Tollmien—Schlichting wave with the same parameters is directed at an angle of
approximately 60° to the flow direction.

Figures 1 and 2 (curves 1) show the results obtained for a; = 3.1-1075 and 8y = 3.7-107°, which corresponds
to the angle 1 = 50° [hereinafter, ¢ = arctan (3/«)]. The growth rates a;; = Im « of forced perturbations in Fig. 1
and their amplitudes in Fig. 2 are calculated for different values of s for steady waves: the solid curves refer to
as = —2.1-1072, the dot-and-dashed curves to as = —1.9 - 1072, and the dotted curves to as = —1.8-107°. The
dashed curve in Fig. 1 shows the growth rates of the Tollmien—Schlichting wave. For rather high values of R, within
the range ag = (—1.9-1075)—(—=2.1- 107°) (2 = 42-39°), forced oscillations are almost indistinguishable from the
growing eigen perturbation. Outside this range, the Tollmien—Schlichting wave is not excited.

Similar results obtained for a;; = 1.01-107% and 81 = 5.73-107% (¢1 = 80°) are plotted in Fig. 2 (curves 2)
and Fig. 3. The solid curves refer to as = 9.5 - 1076, dot-and-dashed curves to s = 1.1-107°, and dotted curves
to ap = 1.2 - 10~°. The instability wave shown by the dashed curve in Fig. 3 (the same as in Fig. 1) is excited in
the range of wavenumbers of the stationary external perturbation ap = (9.5-107%)—(1.1-107°) (g2 = 56-52°).

The parameters of forced perturbations are rather different from the parameters of the Tollmien—Schlichting
waves at the point of the loss of stability R* = 1480; the coincidence is observed only for R > 3000. The effective
value of the amplitude of the excited eigen perturbation at the point of the loss of stability (receptivity coefficient)
is determined by the formula A* = A/K,, where K, = (A/A*)s is the coefficient of spatial growth of the Tollmien—
Schlichting wave, which is also calculated as A, for R = 3000. The solid curves 1 and 2 in Fig. 2 refer to A* = 5140
and 2160, respectively.
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For M = 5, the calculations were performed for Pr = 1 and ¢ = T. Two-dimensional perturbations
B1=pP=0,w =10"% and a; = 5-107° were considered. The solid curves in Figs. 4 and 5 show the results
obtained for ay = 6.6 - 1075, and the dot-and-dashed curves refer to ap = 7.6 - 107°. It is seen in Fig. 4 that the
parameters of forced perturbations in both cases coincide with the Tollmien—Schlichting wave parameters shown
by the dashed curve, beginning from R = 1300. The above values of ay correspond to the receptivity coefficients
A* =89 and 34. For ay = 6.5 - 107° (dashed curve in Fig. 5) and az = 7.7- 1075 (dotted curve), instability waves
are not excited, and perturbation amplitudes do not increase at high values of R.
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